arXiv:cond-mat/0401632v1 [cond-mat.mes-hall] We calculate the frequency dispersion of the third cumulant of current in diffusive-metal contacts. The cumulant exhibits a dispersion at the inverse time of diffusion across the contact, which is typically much smaller than the inverse RC time. This dispersion is much more pronounced in the case of strong electron-electron scattering than in the case of purely elastic scattering because of a different symmetry of the relevant second-order correlation functions.
INTRODUCTION
Measurements of nonequilibrium noise provide valuable information about the properties of a system, which cannot be extracted from measurements of average quantities. For example, measurements of shot noise give the magnitude of the quasiparticle charge in the case of a tunnel contact and the effective temperature of electrons in the case of a diffusive contact.
1 Recently, Reulet et al. 2 performed first measurements of the third cumulant of current, which may give even more interesting information. For example, this cumulant is very sensitive to the presence of electron-electron scattering in a diffusive contact. Electron-electron scattering changes the shot noise in a diffusive contact only by several percent, 3, 4 but it changes the third cumulant of current almost by an order of magnitude.
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Of special interest is the frequency dependence of the third cumulant. Very recently, it was shown that third cumulants of current in a chaotic cavity whose contacts have different transparencies may exhibit a frequency dispersion much more complicated than that of the shot noise. Unlike the conventional shot noise that has a dispersion only at the inverse RC time of the cavity, 6 the third cumulant of noise may also exhibit a dispersion at the inverse dwell time of an electron on the cavity. 7 In most cases, this time is much longer than the RC time that describes charge relaxation in the cavity, and therefore the corresponding dispersion takes place at experimentally accessible frequencies. This dispersion is due to slow fluctuations of the distribution function that do not violate electroneutrality and are akin to fluctuations of local temperature. These fluctuations do not directly contribute to the current and therefore are not seen in conventional noise, but they modulate the intensity of noise sources and therefore manifest themselves in higher correlations of current.
Another important example of a system with a long dwell time is a diffusive contact. In this work we investigate the frequency dependence of the third cumulant of a metallic diffusive wire. Like a chaotic cavity, it also has a long dwell time. In addition, the metallic diffusive wire is of interest because its impedance can be easily matched to that required by current experimental detec- tion schemes.
2 Furthermore, the measuring frequencies in this case are in the range where the frequency dispersion takes place for the system at hand.
The zero-frequency third cumulant of current for a diffusive wire was first calculated by Lee, Levitov, and Yakovets 8 for non-interacting electrons in the zerotemperature limit. Recently this calculation has been extended to finite temperatures and to the case of strong electron-electron scattering by Gutman and Gefen. 5 In this paper we calculate the frequency dependence of this quantity both for the case of non-interacting electrons and for the hot-electron regime and show that the latter case is more convenient for the experimental observation of this effect, since the dispersion of the third cumulant is much stronger.
We present a calculation based on the cascaded Boltzmann-Langevin approach. 9 In the Appendix, we also derive the full generating functional for the frequency dependent current fluctuations of a metallic wire both for the elastic and hot-electron regime based on the stochastic path-integral approach to full counting statistics.
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The third cumulant of current may be expressed in terms of functional derivatives of this functional.
II. MODEL AND BASIC EQUATIONS
Consider a quasi-one-dimensional diffusive wire of length L and conductivity σ. To explicitly describe its electric environment, the wire is chosen in the shape of a cylinder with a diameter 2r 0 and is embedded in a perfectly grounded medium, which is separated from the wire by a thin insulating film of thickness δ 0 and with a dielectric constant ε d (see Fig. 1 ). All dimensions are assumed to be much larger than the elastic mean free path and the screening length in the metal. The electrodes are assumed to be perfect conductors, so the third cumulant of current is not affected by the external circuit. 11, 12, 13 We also restrict ourselves to sufficiently high voltages or temperatures, hence the quantum dispersion of this quantity does not show up in the frequency range of interest.
14 We emphasize that despite the particular choice of geometry, our results are valid for any quasi-one-dimensional diffusive contact.
With the above assumptions, the noise of current may be described using the semiclassical BoltzmannLangevin approach. 15 The frequency dependence of shot noise in diffusive contacts with account taken of electrical screening was calculated in Refs. 16, 17 . To calculate the frequency dependence of the third cumulant of current, we use the cascade extension of this approach. 9 The key idea of this extension is a large separation between the time scales describing the individual scattering events and the evolution of the distribution function of electrons in the contact. The resulting expressions may be also obtained by considering the corresponding stochastic path integral 10, 18 for the diffusive Boltzmann-Langevin equation (see Appendix). The cascade expansion corresponds to a systematic expansion of the saddle-point equations of this path integral in powers of the counting field.
The quantity we are going to calculate is the Fourier transform of the third order current correlation function defined as
The starting point for our calculations is the stochastic diffusion equation for the fluctuations δf (ε, r) of the distribution function f (ε, r)
where D is the diffusion coefficient, δI ee is the linearized electron-electron collision integral, and δF imp and δF ee are random extraneous sources associated with electronimpurity and electron-electron scattering. This equation is obtained from the standard Boltzmann-Langevin equation by defining the electron energy as ε = p 2 /2m + eφ(r, t) − ε F and isolating the isotropic part of the distribution function in the momentum space. The fluctuation of the electric potential δφ that appears in this equation should be calculated self-consistently from the Poisson equation
where the fluctuation of charge density δρ is given by
and where N F is the Fermi density of states. In the case of a quasi-one-dimensional contact, a solution of Eqs. (2) - (4) is of the form
where x is the coordinate along the contact, σ = e 2 N F D is the conductivity of the metal, S 0 = πr 
A fluctuation of the total current density is given by
and a fluctuation of the total current at the left end of the contact thus equals
Making use of the correlation function of extraneous sources
one easily obtains the second-order correlation function for the fluctuations of the current as a functional of the distribution function f .
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Consider now the third cumulant of current. As the direct contribution to this quantity from the third cumulant of extraneous sources is negligibly small in a diffusive metal, 9 this quantity is dominated by an indirect contribution of the second cumulant of these sources, which results from the modulation of their intensity by fluctuations of the distribution function. It may be written in the form
where
and P 123 denotes a summation over all inequivalent permutations of indices (123).
Equations (6) and (8) suggest that the second cumulant of current exhibits a dispersion at frequencies of the order of (RC) −1 . Typically such high frequencies are beyond the experimentally accessible range. Therefore in what follows we will assume that the frequencies ω 1 , ω 2 , and ω 3 are much smaller than (RC) −1 . Hence the pileup of charge in the contact may be neglected and the fluctuation of current may be considered as coordinate independent. In this case,
and the only possible dispersion in Eq. (11) is due to the dynamics of a fluctuation δf , so that the expression for the third cumulant assumes the form
The quantity P (ω) has to be calculated in different ways for the case of purely elastic scattering and for the hotelectron regime.
III. PURELY ELASTIC SCATTERING
For purely elastic scattering, δI ee and δF ee in Eq. (2) vanish, and a fluctuation of the distribution function δf may be presented as a sum of a part induced directly by an extraneous source
and a part induced by fluctuations of the electric potential
(15) The existence of the term (15) indicates that the dynamics of charged electrons differs from the dynamics of neutral particles even at frequencies much smaller than (RC) −1 . By multiplying these equations with the fluctuation of current (8) and making use of the correlation function (9), we obtain and
At low frequencies, one easily obtains from Eqs. (6) and (8) that
Using the well-known expression for the average distribution function
where f 0 is the equilibrium Fermi distribution and V is the voltage drop across the contact, we obtain
The correlator δφ(x)δI vanishes at V = 0 and is an odd function of x at nonzero V (see Fig. 2 ). Upon inverting the operator (∇ 2 + iω/D) in Eqs. (16) and (17) and performing the spatial integration in Eq. (13), we arrive at an expression for P (ω) in terms of q ω = (iω/D) 1/2 , which is our final goal. Because of its length, we give here only its low-temperature and low-voltage limits 
. IV.
HOT-ELECTRON LIMIT Consider now the limit of strong electron-electron interaction. In this case, the distribution function may be assumed to have a Fermi shape with a coordinatedependent temperature T e (x) and electric potential φ(x)
If the frequency ω is smaller than the rate of electronelectron collisions, a fluctuation δf can be expressed in terms of fluctuations of these quantities A substitution of Eq. (24) into Eq. (13) and integration over the energy readily gives
To calculate the correlator in Eq. (25), we have to obtain a Langevin-type equation for δT e . To this end, we multiply Eq. (2) by ε and integrate it over ε, like it was done when deriving the equation of heat balance in Refs. 3,4. This gives
Multiplying Eqs. (26) and (8) and averaging the product with the help of Eq. (9) results in an equation for the correlation function δT e δI ω of the form
The integral over the energy on the right-hand side of Eq. (27) equals eφT e , and making use of Eq. (18), one easily obtains the solution of Eq. (27) in a symbolic form
where the operators ∇ 2 and ∇ 2 − iω/D are inverted with zero boundary conditions. According to Ref. 3, the mean potential is given byφ(x) = V x/L and the mean effective temperature bȳ
Asφ andT e are odd and even functions of coordinate, the resulting correlator is an even function of x. In the zero-frequency limit it is given by
This correlation function vanishes at V = 0 and is negative at positive voltages, i.e. if the increment of total current through the contact is negative. This fact has a very simple physical meaning: an increase in the total current results in an increase of the Joule heating and hence an increase of the temperature.
An integration of Eq. (28) with respect to x gives the low-frequency third cumulant for arbitrary temperatures and voltages in a form
Its limiting values P 3 (0, 0) = −(3/π 2 )e 2 V /R at eV ≪ T and P 3 (0, 0) = −(8/π 2 −9/16)e 2 V /R at eV ≫ T coincide with the results of Gutman and Gefen.
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In the case of nonzero frequencies, it is possible to obtain analytical results only in the limiting cases of eV ≪ T and eV ≫ T . In the high-temperature limit, one may setT e (x) = T in Eq. (28), hence φ(x) is the only coordinate-dependent quantity, and the term in curly brackets equals V T /L. Then the diffusion operator is easily inverted and the integration over x gives
(32) In the zero-temperature limit, the term in curly brackets in Eq. (28) may be expanded in a Fourier series in cos[(2n + 1)πx/L] and the operator ∇ 2 − iω/D is easily inverted. The final result is obtained as a sum of an infinite series
where J 0 and J 1 are Bessel functions of order 0 and 1.
V. DISCUSSION
Our results for the non-interacting regime (Eq. 21 and Eq. 22) and for the hot-electron regime (Eq. 32 and Eq. 33) are displayed in the figures 3 and 4. It is clearly seen that both real and imaginary parts of the third cumulant have the most pronounced dispersion in the case of a high temperature or for strong electron-electron scattering, i.e. when the local distribution function has a nearly Fermian shape. This unexpected result is in a sharp contrast with the dispersion of quantum noise, 20 which results from sharp singularities in the energy dependence of the distribution function.
Mathematically, the different shape of the frequency dependence for purely elastic scattering and interacting electrons at high voltages can be explained as follows. In the case of hot electrons, both δ δI 2 /δT e (x) and δT e (x)δI ω are even functions of the coordinate x (measured from the middle of the contact). On the contrary, for purely elastic scattering at T = 0 both δ δI 2 /δf (ε, x) and δf (ε, x)δI ω are odd functions of x. The functions acted upon by the inverse diffusion operator (∇ 2 − iω/D) −1 in Eqs. (28) and (16) are also even and odd, respectively. At low frequencies, the inverse diffusion operator is essentially nonlocal in space and applying it results in an effective averaging of the argument on the scale of the order of L. In the elastic case, this averaging involves both negative and positive values, and this is why the elastic third cumulant is suppressed at low frequencies as compared to the hot-electron value. However at high frequencies, the inverse diffusion operator becomes almost local in space, therefore there is no averaging of negative and positive values and both cumulants become of nearly the same magnitude. This absence of spatial averaging partially compensates for the increasing frequency and makes the frequency dependence of the "elastic" cumulant more flat. Therefore the different shape of the frequency dependence in the elastic and hot-electron limits may be traced back to the different symmetry of relevant second-order correlation functions.
VI. SUMMARY
In summary, we have shown that diffusive contacts exhibit a nontrivial internal dynamics even at frequencies much smaller than the inverse charge-relaxation time.
Though this dynamics is not affected by the electric environment of the contact, it differs from the dynamics of charge-neutral particles and manifests itself as a lowfrequency dispersion of the third cumulant of current. In view of the fact that both dynamic conductance and shot noise of metallic conductors depend only on the RC time, this frequency dispersion of the third cumulant on the scale of the dwell time is a very interesting result. In this appendix, we derive a stochastic path integral representation 10, 18 for the full current statistics of diffusive conductors. This representation then serves to calculate the dispersion of the third order current correlation function. We give first a detailed derivation of the case without electron-electron scattering. For simplicity, we restrict ourselves to quasi-one-dimensional wires and consider only slow dynamics due to the longitudinal diffusion modes. In this case, the kinetic transport equation for the fluctuating contribution δf (ǫ, x, t) to the electron occupation function f =f (ǫ, x) + δf (ǫ, x, t) is given by the one-dimensional equivalent of Eq. (2). The mean distribution functionf is defined in Eq. (19) . Since we restricted ourselves to the regime of slow diffusive dynamics, we may assume charge neutrality ∂(δj)/∂x = 0 where the fluctuations of the electrical current density are given by Eqs. (6) and (7). Finally, we make use of the fact 9 that the extraneous sources of noise are Gaussian random variables delta-correlated in time, space and energy and described by Eq. (9) .
In order to construct a path integral representation of this Boltzmann-Langevin equation, we define the probability functional P which gives the probability to find a certain realization of extraneous currents δF imp (ε, x, t). This functional may be written as a path integral
taking Fourier transforms of the generating function
Since the Fourier transforms are independently taken for each point in space, time and energy, Eq. (A1) indeed characterizes white noise. The electron occupation function f =f +δf is considered to be a slowly changing variable which modulates the instantaneous noise intensity. Its evolution is determined by the kinetic equation (2) which we represent as a delta functional expressed by a path integral
where the prime stands for ∂/∂x. The dynamics of the potential fluctuations δφ can be expressed by a second delta functional which enforces charge neutrality
The fields λ and ξ can be understood as Lagrange multipliers. Combining Eqs. (A1), (A3) and (A4), we construct the probability P t to find a certain realization of extraneous currents δF imp under the constraint of current conservation and charge neutrality
We are now in a position to calculate the generat-
This equation may be considerably simplified. In a first step, we can integrate out the the extraneous currents δF imp as well as the field η introduced in Eq. (A1). We are then left with four functional integrations over δf, δφ, λ and ξ. In a second step, we evaluate this integrations in the saddle point approximation. As the diffusive conductor is essentially semiclassical, the corrections to the saddle point action are small 10 . After rescaling λ → eN F λ, we are left with the generating functional
which has to be evaluated at the saddle point given by
Note that we performed a complex continuation iλ → λ, iξ → ξ and iχ → χ. We are therefore left with purely real quantities. The saddle point equations are supplemented with boundary conditions: the three fields δf, δφ, λ vanish at both boundaries. The external counting field χ is incorporated into the boundary conditions for ξ
The frequency dependent third cumulant under consideration in this paper is obtained from the third functional derivative
We calculate this cumulant by a systematic expansion of action (A7), saddle point equations (A8) and fields
in orders of the external field χ. It can be straightforwardly shown by inserting saddle point equations (A8) back into the action (A7) that the third order contribution to the action has the form
It remains to solve the saddle point equations to first order in χ. For the Lagrange multipliers we find
Their dynamics is trivial, since they follow instantaneously the external field χ. The interesting dispersion effect stems from the saddle point equation for the occupation function which takes the form of an inhomogeneous diffusion equation
This diffusion equation has a very appealing interpretation: When we integrate the equation over energy, we find that the two source terms on the right hand side cancel. The left side becomes a homogeneous diffusion equation for the fluctuations of the charge density δρ 1 = e dεδf 1 which has the trivial solution δρ 1 = 0. This is nothing than the charge neutrality which we demanded in the beginning of this section. The second source term which is due to variations of the electrostatic potential thus compensates the first term in such a way that all fluctuations of the occupation function δf 1 are charge neutral. We decompose the total variation δf 1 = δf 
The two correlators are defined in Eq. (16) and Eq. (17) respectively. They can now be inserted into Eq. (A12) to obtain the third-order correlation function (13) . We thus derived the cascade rules applied in the main body of this paper from the stochastic path-integral formalism. The derivation of an action describing the hot electron regime requires only a minor additional effort. Here we cite directly the result which has been derived by one of the authors for the zero frequency limit in a different context
In this action, we introduced the local electron temperature T e (x, t) =T e (x) + δT e (x, t) and the local electrostatic potential φ(x, t) =φ(x) + δφ(x, t). The boundary conditions for these fields are the potentials and temperatures of the left and right reservoirs. As for the case of non-interacting electrons, the Lagrange multiplier ξ ensures charge neutrality and obeys the boundary condition (A9). The field λ is linked to the conservation of energy current and is zero at the boundaries. The matrixÂ describes the local noise created by the extraneous sources of noise δF
The second matrixB is the linear response tensor
In complete analogy to the derivation of Eq. (A12), we may again collect all third order terms which contribute to the action (A17) and find S hot, 3 [χ] = σ dt dxδT e,1 (ξ
where the variation δT e,1 can be identified with δT e,1 = δT e (x)δI ω (A21) (see Eq. (28)). The total third order contribution S hot, 3 [χ] therefore corresponds exactly to Eq. (25).
The main results of this appendix are the dynamic generating functionals Eq. (A7) and Eq. (A17). These functionals permit (in principle) the calculation of cumulants of arbitrary order.
